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Galois Representations

Q CKcQ
Gk = Aut(K/K)
E[n)(K) = (Z/nZ)?

pEn: Gk — AwtEn] = GLy(Z/nZ)
PE > Gk — GLZ(Z[) = @GLZ (Z/ﬁnZ)

pe: Gk — GLo(Z) = lim GL, (Z/nZ)



Image of Galois

pEn: Go - H(n) — GLy(Z/nZ)

Problem (Mazur’s “program B”)
Classify all possibilities for H(n).




Mazur’'s Program B

As presented at Modular functions in one variable V in Bonn

Theorem 1 also fits into a general program:

on
B. Given a number field K and a subgroup H of GLZZ =1 GL2 Zp classify
p

all elliptic curves E /K whose associated Galois representation on torsion points

= o
maps Gal(K/K) into H < GL2 Z .

Mazur - Rational points on modular curves (1977)



Example - torsion on an elliptic curve

If E has a K-rational torsion point P € E(K)[n] (of exact order n) then:

H(n)C((l) :)

since for o € Gk and Q € E(K)[n] such that E(K)[n] = (P, Q),

o(Q)= a,P + b0




Example - Isogenies

If E has a K-rational, cyclic isogeny ¢: E — E’ with ker ¢ = (P) then:

H<n>c(;:)

since for o € Gx and Q € E(K)[n] such that E(K)[n] = (P, Q),

o(P)= a,P
U(Q): boP A Ca’Q




Example - other maximal subgroups

FLactsonF, =F, xF,
Normalizer of a non-split Cartan:

Cns =im (F;z — GLz(]Fp)) C an

H(n) C Nps and H(n) ¢ Cps iff
E admits a “necklace” (Rebolledo, Wuthrich)




Modular curves

Definition
® X(N)(K) = {(E/K,P,Q) : EIN] = (P, 0)} U {cusps}
® X(N)(K) > (E/K,P,Q) < ppn(Gk) = {I}

~

Let T'(N) € H C GL,(Z). The minimal such N is the level of H.

Definition
Xy :=X(N)/H(N) (Wwhere H(N) is the image of H in GL,(Z/NZ))

XH(K) > (E/K, L) = pE7N(GK) C H(N)

Stacky disclaimer

This is only true up to twist; there are some subtleties if
Q J(E) € {0,123} (plus some minor group theoretic conditions), or
Qif-IeH.




Rational Points on modular curves

Mazur’s program B
Compute Xy (Q) for all H.

Remark

@ Sometimes Xy = P! or elliptic with rank Xy (Q) > 0
@ Some Xy have exceptional points
(i.e. Xy (Q) is finite and E is non-cuspidal and non-CM)

@ Can compute g(Xy) group theoretically (via Riemann—Hurwitz).

Fact

¢(Xn), 7(Xg) — oo as [GL2(Z) : H} — 0.




Let E be an elliptic curve over Q without CM

Uniformity conjecture/Question of Serre
For ¢ > 37, pg, is surjective.

Conjecture (Zywina)

[GLz(i) : pE(GQ)] < 2736.

Zywina: the indices occurring infinitely often divide
220,336,360, 504, 864, 1152, 1200, 1296 or 1536

Remark
1536 < [GLz(z) : pE(GQ)] < 2736

does occur finitely often, e.g., forj(E) € {—7- 113, —7 - 137° - 2083}




Recall
A point (E,.) € Xu(K) is exceptional if Xy (K) is finite and End E = Z. J

Let ¢ prime, E/Q be a non-CM elliptic curve, and H = pg ¢~ (Gg).

Theorem (Rouse—Sutherland—ZB 2021)
Exactly one of the following is true:
@ Xy (Q) is infinite and H is listed in (Sutherland—Zywina 2017);
@ Xy has a rational exceptional point listed in Table 1;
Q H < Nys(3%), Nus(52), Nus(7?), Nus (112), or Nus(¢) for some ¢ > 13; or
Q H < GH(7%),GE(7%) (49.179.9.1 0r 49.196.9.1).

Conjecture
Cases (3) and (4) never occur.

If they do, the exceptional points have extraordinarily large heights
(e.9. 1019 for X (112)(Q)).


https://arxiv.org/abs/2106.11141
https://arxiv.org/abs/1605.03988

label level notes Jj-invariants/models of exceptional points
16.64.2.1 24 Nas (16) —218.3.5%.13% . 413 . 1073 /17'0

—221.33.53.7.13%. 233 413. 1793 . 4093 /7910
16.96.3.335 24 H(4) C Ngp(4) 2573 /28
16.96.3.343 24 H(4) C Nep(4) 173 . 2413 /2%
16.96.3.346 24 H(4) C Nep(4) PARS VA
16.96.3.338 24 H(4) C Ngp(4) 2l
32.96.3.230 23 H(4) C Nep(4) —3.53 473 12173 /(2% - 319)
32.96.3.82 2% H(8) C Nep(8) 3350133 . 233 . 413 /(210 . 31%)
25.50.2.1 52 H(5) = Nps(5) 2*.37 .57 038
25.75.2.1 52 H(5) = Ngp(5) 212.33 .57 . 293 /7%
7.56.1.2 7 C Nus(7) 33 .5.7° 27
7.112.1.2 7 —I¢H — % — 2680x — 50053

— x% — 131305x + 17430697
11.60.1.3 11 C B(11) —11-1313
11.120.1.8 11 —I¢H V4xy+y=x +x>—30x—76
11.120.1.9 11 —I1¢H yz+xy:x3+x272xf7
11.60.1.4 11 C B(11) —112
11.120.1.3 11 —I¢H V2 4 ay = 20 + 2% — 3632x + 82757
11.120.1.4 11 —I¢gH ¥ 4 xy 4y =2 + x> — 305x + 7888
13.91.3.2 13 S4(13) AN I L AN LA L L S I Ak L
218,33, 13%. 1277 1397 1573 2833 929/(5'3 - 61'3)

17.72.1.2 17 C B(17) —17 - 3733 /217
17.72.1.4 17 C B(17) —17% - 1013 )2
37.114.4.1 37 C B(37) —7.113
37.114.4.2 37 C B(37) —7-137° . 2083°

Table 1. All known exceptional groups, j-invariants, and points of prime power level.


https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=16.64.2.1
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=16.96.3.335
https://www.lmfdb.org/EllipticCurve/Q/3362/a/2
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=16.96.3.343
https://www.lmfdb.org/EllipticCurve/Q/3362/a/1
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=16.96.3.346
https://www.lmfdb.org/EllipticCurve/Q/200/b/1
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=16.96.3.338
https://www.lmfdb.org/EllipticCurve/Q/200/b/2
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=32.96.3.230
https://www.lmfdb.org/EllipticCurve/Q/17918/c/2
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=32.96.3.82
https://www.lmfdb.org/EllipticCurve/Q/17918/b/1
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=25.50.2.1
https://www.lmfdb.org/EllipticCurve/Q/396900/e/1
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=25.75.2.1
https://www.lmfdb.org/EllipticCurve/Q/21175/bm/1
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=7.56.1.2
https://www.lmfdb.org/EllipticCurve/Q/2450/i/1
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=7.112.1.2
https://www.lmfdb.org/EllipticCurve/Q/2450/y/1
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=11.60.1.3
https://www.lmfdb.org/EllipticCurve/Q/1089/i/2
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=11.120.1.8
https://www.lmfdb.org/EllipticCurve/Q/121/a/2
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=11.120.1.9
https://www.lmfdb.org/EllipticCurve/Q/121/c/2
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=11.60.1.4
https://www.lmfdb.org/EllipticCurve/Q/1089/c/2
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=11.120.1.3
http://lmfdb.org/EllipticCurve/Q/121/c/1
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=11.120.1.4
https://www.lmfdb.org/EllipticCurve/Q/121/a/1
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=13.91.3.2
https://www.lmfdb.org/EllipticCurve/Q/50700/z/1
https://www.lmfdb.org/EllipticCurve/Q/61347/bb/1
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=17.72.1.2
https://www.lmfdb.org/EllipticCurve/Q/14450/o/2
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=17.72.1.4
https://www.lmfdb.org/EllipticCurve/Q/14450/b/2
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=37.114.4.1
https://www.lmfdb.org/EllipticCurve/Q/1225/b/2
https://www.lmfdb.org/EllipticCurve/Q/?cm=noCM&galois_image=37.114.4.2
https://www.lmfdb.org/EllipticCurve/Q/1225/b/1

Approach

Compute the set of arithmetically maximal subgroups
H is arithmetically maximal if

@ Xy (Q) is finite and

@ for every G such that H < G, X¢(Q) is infinite.

For such H compute equations for X and j: Xy — X(1)
See Rouse’s VaNTAGe talk for details and examples,

Assaf’s recent paper and

Zywina’s BIRS talk for newer efficient approaches.

For such H with —I € H determine the rational points in Xy (Q)



https://youtu.be/L_Il_sJymEs?mute=1;autoplay=0
https://arxiv.org/abs/2002.07212
https://www.birs.ca/events/2017/5-day-workshops/17w5065/videos/watch/201705291503-Zywina.html

Subgroups of GL;(Z13)
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Explicit methods: highlight reel

Local methods

Chabauty and Elliptic Chabauty
Mordell-Weil sieve

étale descent

Pryms

Equationless étale descent via group theory
New techniques for computing Aut C

Nonabelian Chabauty

“Equationless” local methods and Mordell-Weil sieve
Greenberg Transforms (and big computations)

Novel variants of existing techniques (e.g., Atkin—Lehner sieve)
Modularity of isogeny factors of J; (w/ Voight)




UNSOLVETD
Eﬁlt

Arithmetically maximal level ¢* groups with ¢ < 13 with X (Q) unknown.

label level group genus
27.243.12.1 33 Nu(3%) 12
25.250.14.1 52 Nus(5%) 14
49.1029.69.1 72 Nus(7%) 69
49.147.9.1 72 GL(T?) 9
49.196.9.1 7?2 GH(7T* 9

121.6655.511.1 112 Ny (11?) 511

Each has rank = genus, rational CM points, no rational cusps, and
no known exceptional points.






ESETTLERS2Y

CARTAN

Arithmetically maximal level ¢* groups with ¢ < 13 with X5 (Q) unknown.

label level group genus
272431212 33 Nus(3%) 12
25.250.14.1 52 Nps(5?) 14
49.1029.69.1° 7 Nus(7?) 69
49.147.9.1 7 GI(7%) 9
49.196.9.1 7?2 GH(T? 9

121.6655.511.1 112 Ni(11%) 511

Each has rank = genus, rational CM points, no rational cusps, and
no known exceptional points.

2Balakrishnan—Betts—Hast—Jha—M(iller
SFurio—Lombardo



https://arxiv.org/abs/2501.07833
https://arxiv.org/abs/2507.17967

Stacks and ramification

Some related facts:
@ The map X,s(¢") — X(1) is ramified with degree ¢" at each cusp.

@ Thus X,s(") — Xas(£"77) is ramified with degree ¢ at each cusp.

@ The denominator of j(E) is a perfect ¢'th power
(for E a point on X,,(¢") and ¢ odd).

@ The denominator of the j-map X,(¢") — X(1) is “often” a perfect
£'th power.




Denominator of j-map

Jns: an(7) = Pl — X(l)

is given by
3
](E) :jns(t) = ?E;‘;

The denominator of jus: Xus(7%) — X(1) is a 7°th power.

So if j(E) is the j-invariant of an exceptional point on X,s(7?),
then f(x,y)” is a 7*th power (up to a resultant),

i.e., f(x,y) is a 7th power.

(up to resultants)




Furio—Lombardo: Let E/Q be an elliptic curve without CM.

If Im pg 49 C C;1,(49), there exist k € {1,8} and pairwise coprime
integers x, y, z € Z such that

X =Ty + I+ =k-7 and  J(E) =jns <§> .

If Im pg49 C G7.(49), there exist k € {1,8} and pairwise coprime
integers x, y, z € Z such that

X =Ty + T + T =Tk -7 and J(E) = jns <i> .

If Im pg 49 C GZ‘{?’,(49), there exist k € {1,7} and pairwise coprime
integers x,y,z, w € Z such that y = w’ and

X
X =42y + 3 +y =k 7 and J(E) =Jsp <y> :




Darmon-Granville: Faltings’ theorem is true for stacky curves.
Certain surfaces have finitely many primitive integral solutions, e.g.,
o X +y =7,
0 X —Txly+ T’ +7y =k 7,
since their stack quotients are hyperbolic.

Bennett—-Dahmen: Generalized superelliptic equations
If F(x,y) is @ homogenous binary cubic, then

4H(x,y)* + G(x,y)* = —27Afp F(x,y)%.
Thus

—2TA( — T2y + Txy? + Ty°)? = 4H(x,y)® + G(x,y)* = —27(k - 7' )?




Theorem (Furio—Lombardo)
The (x)-solutions of the equation

a* +28b° = 27¢7

are
(£1,-1,-1), (£27,-3,—1), (£2521,—61,—1).

The Poonen—Schaefer—Stoll playbook
@ Frey Curve: (a,b,c) — E.pc
@ Level lowering: 3E with N | 2% - 72 s.t. E ., .[7] = E[7]
@ Moduli: This corresponds to a point (E,;.[7],¢) € Xe(7)(Q).
@ Xg(7) is a twist of the Klein quartic, a genus 3 plane quartic.
x* 438y — 3x%yz — 3x%2% 4 6y — 6xy%z 4 3xyz® — 22 + 4yt + 2y%7 — 597

@ One can do Chabauty and more with this finite list of curves.




Theorem (ZB—Santiago Arango-Pineros, in progress)
Assuming GRH, X7%(49) and XZ,(49) have no exceptional points




Kummer: Fermat’s Last Theorem for Regular primes

Theorem

If (x,z,w) € Z* is a solution to x” + 7' = w’, then 7 divides xzw.

Idea: factor over L = Q(¢7),
and use the following facts about L and K = Q(¢7 + gl) CR:

@ Q(¢) has class number 1
9 OZ = ,LLLO;
Q forall e L, 57 =b mod 70; for some b € Z.




Let L = Q(¢7) and K = Q(&7 + ¢;') € R. Then
K+ =] - o) =
Since cl(L) = 1 and O} = 1, OF
x— Gz = (Gu)p’, forue Of, BeO;.
Elementary: 87 = b mod 70, for some b € Z. Thus
x — (72 = Gub
Applying complex conjugation gives
x—Glz=¢"ub

Combining
Gx—¢'2) =G (x—Gz) mod 70,
i.e.,
x-1 —Z‘C7+Z'C72r71 —x-("=0 mod 70;.

If the elements 1,¢7, (37!, ¢2" are all distinct, then they are part of a Z

basis for O; = Z[(7], and so implies that 7 | x and 7 | z.



A “variant” of Kummer’s proof
Suppose that we want to solve

fl,2) =X — 4z + 32+ 2 =w'.
Let L = Q(¢7 + ¢;'1) be the splitting field of f.
Kummer’s approach gives u € O} /(0O;)’ such that
x—za=u-f’

Extend {1, a} to a basis. (? will do fine.) Write

B = a+ ba+ ca?
where a, b, ¢ are variables. Then
x—za=u-f =u-(a+ba+ca?) =fyla,b,c)+fi(a,b,c)a+f(a,b,c)a?
for some homogenous degree 7 polynomials f;. In particular,

X :fO(aab7c)
—< :fl (a,b,c)
0 =f2(a,b,c).

This last equation f>(a, b, ¢) defines a smooth genus 15 curve C.



x —za = uB’ = (a+ ba + ca?)’ = fyla,b,c) + fi(a,b,c)a + fr(a, b, c)a? ]

f>(a, b, c) defines a smooth genus 15 curve C.

Over Q(¢7) and Q(¢;2) we have computable maps
C—D—E
where D is a genus 3 curve and E is an elliptic curve with

rk E(Q(¢2)) = 0.

For u = 1 this took most of a day.
A longer computation is running now to verify for all units u.

If we pick a better basis, this works integrally and “recovers”
Kummer’s proof, and generally gives lots of “divisibility” information. J

E.g. foru =1, fi(a, b, c) is a multiple of 7, and so z is too.
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Agreeable groups

Zywina (indices occurring infinitely often, modulo conjectures)
The index of prv(Go) divides 220,336, 360,504, 864, 1152, 1200, 1296 or 1536. |

Remark
J(E) € {~7-113,—7 - 137% - 20833} does occur finitely often

Definition

An open G < GL,(Z) is agreeable if det G = Z*, contains all scalar
matrices, and the levels of G and G N SL,(Z) are divisible by the same
odd prime divisors.

Zywina computes a finite list of agreeable G such that determining
X(Q) determines all possibilities for the index.



Agreeable groups

Zywina computes a finite list of agreeable G such that determining
X (Q) determines all possibilities for the index.

Such G are arithmetically maximal, i.e., X;(Q) is finite and for every
H such that G < H, Xy (Q) is infinite.

If G is normal in H then the map of coarse spaces
X — Xy
factors through a root stack X' over Xy.

X is a stacky P! or stacky elliptic curve, and is hyperbolic.

One can thus work with (twists of) étale covers of X (e.g., Belyi covers)
and mostly ignore G.

If G is not normal in H, one can look directly at the ramification and
might get lucky.



Root stacks

Let D C X be an effective divisor on a scheme and r € Z>.
The rth root stack v/ (X, D) of (X, D):

v/ (X, D)
g, 7 J
//f
T——X

lifting f to g is the same as giving a divisor E on T and a linear
equivalence rE ~ f*D.



