Winker workshop Clabouty - kim Heioelberg, 7¢.-76.2. 2024

Foundabous of Chaboudy — Kim

)(/@ Som. groj. Curve a'F geuurs 3 > 2

Thm' (Fahings 1383)

#X (@) < oo

Q: ("EfRchve Movdlell”)
* How o fiud x(@) 2
Unkuown whelhier o geaeral algoriMun, ex;stg.
* DBoumdds on #Xx(@) 2

L u,,,;{oyw;lfy Conjec-l-uoe: CCqPomEo- 4ayrcs - /L{azwr)

3/\/(%) 5.+, £X(@) < Mg or all X of geuus ¢

szta.ban,\K;w. teory:  p-adic approach ao(ke,ss'iuﬁ these, skl large,l}. c0u.)ec4'urq/

1. Melodd of Chabaut, (1941) oud Coleman (1383)

3= Jacx — ob. var /@ of otiwm. 3

HQ) is £g. ab. gp (Movelell - Weil)

Tz 'rkz HaA) - }(Q) 2z ® (an"'e.)

Assume  X(Q) # @ aud fix be X(@)

> Abtl - Jacobi wmap AF: X —> §, P — [P]- [b]
Choose auxiliavy prime e of good recluchon for X,
Have commtakve oliagroum

X(@) — x(@,)
A2 |’4}r

4

(@)

> Hay)



'_o(eq_: find 'r“"c'ko”s O4f. J(@y) > Qp whih voush oa }/@) 2

thea fo AL : X(@Q,) —> @, voushes on  X(@)

This wovks i [r < g (%)

©y
l}

Colewmog u'lql-eng]-iom: Fix we H"(XQ'h _Q_') = Ho(hzf, ﬂf)-

Wy Hwaslau‘n'on—r'hv_ o\, }Q = J! th‘i""(ﬂ—'fvotl'\'l’& EJ: J’/Qy) - ZZP st.

° F, s o homom.
° wear OC}(QH, F., s gl'veu I’; a Com/ergevn" powey Seres niMy olF, =Q)}
D Q ta)-(pJ
Wrile | w, = Fu(D), gw t= S oy fbr P Qe Xl@p,
0 ¢

o

s
Get howom.  Log: e, — H°(7a7, _o_’)t D +— [‘" — g‘*’;]-
Freg = Lg HQ) < H(Fg, 2)  Z,- submodule of rauk v < g
= J 0fw € H'lFg, 0" st F, vauishes ou 3(@Q)
= Foe Al X(@Q) — @, ¢, fu vaurshes on X&)

P b

P - Sw (001"7 owal,kc (3.'\/@:4 by Couvergemt ooy, series ou Fefolue olises)
b

= OVI(}, #im.‘kil/v Mth 2evpées
Also qet  explic't bouuds, €g aX(Q) ¢ #KIF,) + (29 -2) F p>2g
Problens : wiethod fouls if v £ g
Kiwm (20035): developed wvou-abelian gererlisabion f ovevcome fhs
Ceubal object: @y prounipotent etale  fui, dametal group ue’f- of X

cuaba,d; - Kin oLb(SPOlM g

X (@) > X(®)
jdﬁ (CK)
) Jp
v , v y
Selal X) — 22 5 1 (@, uH) =5 o\ R



?ro?ewb'es:
*  boftowm row: dffine @27-5014%&5, waps o u{gebmfc

wage of each residue olisc red (p) € X(Qg), 4 eX(R), wnder [
(s 2avishk. - ./&«S‘e

0 Cowjed'ul’“”}’, (OCP /s non -olouw nouf ( & Bloch~ Kado coqj)

Method wovks as follows :
If locp wouw -domivaut = fiud o0 #f € O(F°\U'F) vowmisbying  on
fw age of Sele(X)
2 fo iR X(Q) — @, won-bivial + owalybe ou wsidue ohises
(givem b, itevakey Coleman i fegrals)
= V[fo;dR) ¢ X(Q,) #Frmbe st coutoinyg X(@Q)

Def: Chq(paw;;« - Kiaq /OCMS

XI@preo = ji'( o, (sl = () V(fojit) o x(q,)
£ as above )

Com’l.: )(('Q?)w s Facte (& DBloch- Kato)

Couj: (Wim's coujecture)
X(@), = XI@).

. '.[
Runks: « replace Ut with  u-sky wilpoteat quokest UL~ Xiay,),

Pouahl, : “V' =1 - C&abaul-’— Co/eu,,o“,,
“n=2" — gradrabe Chabaul,

e vorranlt for S-:’wkgbotl poinks on affive hyperbolic curves

2. PPoum.‘?oJ-fM'f- etale Fuwclawientorl group

X/®@, beX(@) as above
@/@ alyg. closure, GQ 'z Gal(@/@)



~> 7T1e+( )(6, L) — "éhle fumdamen ful roup ’

Ht s « Pm-F"m‘)-C group w 'y chs GQ‘QCHOM.
Cov(Xg) — calegor, of finpe élale covers ¥y —» Xg

F, © CovlXg) — FinSet (4 £, Xg ) — F7(b)
mH(Xg. b) 1= Aut(F,),

f;b}e ﬁ.nc}o»

ack compabbly on 7)) Ko all [y £o xo) e CovlXg)

Compolh‘s‘op, w.th 'I\opo{og,'ca(l T, : (v-‘a Riemann's existence 'H'leo"a'”')

’T1é+( XQ_,' L) = Pro/:'-«i}e Coumplehon of 77;"°P()((C), L)

= anby o ag by | T lanb)=15"

MalEey ColM:p(e}s'om . 0T profiuibe 9p. o prime

The @ -prounipobent commpleli0en of TT s the uusvevse/

pl'owvn'PoJ‘Gﬂ'L
a(gebmt 3p T over @p with q Coukwuour L omow,
T — IT*(@,).
Tuwk: M% ="Q @ 17
/4

Def : et Qp . ¢y~ L)QP
Def: /77 (Xg, b) = ™ [ Xg

"@P"pl’ouu;PoJ-eof" dhotle fundamentul group
AHBVMN}\'VQ defivibou va Tanuakiay, 1o v al < S10r

LOCZ?()(Q) = C‘ot/'ego?, of un'polent Q?~/oea/ }}}‘”’CM} ov )(é_

e é+q(e-{ocall7 cou;-.’-c,,.,,-‘- sheaves of @p-v.S. (1% X&,é'/‘ wheel

adimit o filhakorn O ¢ FiI E ¢ ¢ FL.E =E sd

/://I.E/F:./,__'E E irect suw, of copies of Qf
Fiby,: LOCZZZ(XQ) — RKp-Vect, €& > E[b) Fbre funclor,  precomeg ®

ﬂ1é+'Q9(XQ~, b) := /ﬂ"‘@(tf b,) temsor-preserving autoimovp bisins

Notakon : ué+ '= T,é*'@"(X@ L)

N .
p;h)' Fix Gu-eqm\mr.’w& %0’1&41" uef — U,'

(,(ez' = n-slep nilpolent guoheat

Gy ath o, U eg. =



Pa‘WA Yorsors For we X(®@Q) have

Pix)iz m8 (X g, b, o) = Isow® (Fib,  Fin) "path Jorsor
It s a Gg -euivaviant U dorsor over @p.
Form pushout alomg U —» Lo
~ Plx) = P Sker(UT — L)
Gq -eguiv. U'-torsor

Caun do the same '°C°‘”}' for Qe -poivks (¢ av, privae ) :
Fix @/@1 with ew.bedo(-'wg ('_',_Ze—a@e

~2 (ocal Golois growp Gy := Gal(de/(ﬂzn < Ga

IHave rr,ét'a'()(@, b) = Tr1é+'¢2P()<@, L),

Givew x € X(p) ~ G,-equivoviont U'-torsor P(x)

L. Spaxces of torsors

G profinde 300 U/Bp  pro-unipoknt gioup, G U

Def: R @j-algebra. A G ~eguivariawt U - dosos P over R

S an  R-sthewe P with a G -achon oud a G-e?u""w-‘&wf‘ vight

U-ackon Pxu — u such that P — Spec(R) is Ferafull, Flat
and e wap
Pru — Px P, (. ) = (y yu)

'S o I.IOWOVPLI\'SM .

Ruk: (4 prounipokent fmplies Mot Al U -boisors  are friviotl op wmese

tovsors, but uot wnecessavily Greguivoriantly



Nou-abelion, gQrowp cohomology :

C: G uU(RY is a cocycle f c(ler)= olo) "e(T) VoreG.

C aud ' are Cohowmologous (c~c') f JueUlR) st c'(e)= u' clo)u Veel

H'(G. U= {cocseles ¢ — UM/~
Coh.owology functor  0q QP'Q{QE.L’VO‘S‘

H'(G, W) R — H'(G, LR

Prop:
o (G eew.vo.homi- U- "-OVIO"‘!‘)/ 5o = H1(G U(Q))
over
'P_f: P G’eq.v\.'v. U-torsor
u ?VO'uvu'?O“"VI"' > P(R) ¥ ¢
Clhoose 9, € P(R). For e€(G J clo) € U(R) s+. 9, = 7, clo),

Check: » ¢= & = UR) s COC/vcle

* oifferewt clhoice of 7, giver (olomologous cocucle

Conversely, gwven C: G — UR) define tomor P.:= U with
c-twished Grochon GrUD U (p)is Tu- (o). o

ank: 1 —_ A _ U — UI _;1 Cemh’d/ eKJ'WS'I'Olq I'uo[uc_es
loug exact S@%&uc& o“F ?o:ml'fa[ Seds %o'n'uj ot HZ(G,A)

Thw: Assuwme U adwmilks a SeFamkc( G-stable filhajon

U=w,ue W,Uuce

with [w U, wyul s W u Vijat  Wweidle U,

-r-y

9r.,, U.
/VOJ'e VV, S a @?-V.S. A’S$w~re:
(1) H°(G, Va) =

(1) H'(G, V) is P obiim.
for all v 1. Theu H' (G, W is re-?’-efw”""ble l”; on  affrue



@r'St‘/lee wh.'obp Xy KOM'C‘HMOMFCOI/I/ l’-‘OmOVPle'C— ,/.0 a C(U)'fl‘/(

5,,5;0&&»:{; o‘F T ”"(G, Vi)

“al

?P‘oﬂ’)t O'F H’-Pf’ef&/’}&b:'l”‘/: (Slte')‘ch)

! c( = ( { ,1 0 ( { = é'; c{ ]
LQ “a /“/-—(Vlﬂ)ur & '
=2 reduce“ To

H (G, Uu) = ‘,Zin H'G, Un) iso H'( G, U.)

Use inoduckouw ou n.

Case w=1: WU, =V, vector group, U(R) = |, @R

Sbow  H'(G, 1) ®R — H'(G, vV, ®R) iso.
= H'(G, Vi) represenped by vector schewe H' (G V)
lwoluchve skep n = uyq.
Cevhdl extewsion,
1 — Vi — Uy — Uy, — 1

= LES of &uc"'orj ou @P-a(_g-ebmj

1T — HO(G, \/n) —> HO(G, Un) — Ho(‘Gw

D 1 1
H ( G, Vv\) — H (G, uw — ! “-1
) H'(G, "‘/)_35’

H*( G, Vi)

¢ UG Uu.y) ond H‘(G,Vn) rept.
= K'-=l<er(8’) re pr. b, a'fc,:'me @P~S'0(;I%1€
o H' (G, u,)— K is }’uvj’ec/')'ve— bearp of fuuctors
K = Spec(S)  Huer H'(G U IS) — K(S) = Howr (55 peels  pp
~> 321' splifing  s: W — H'(G, ta,)

e H'Cu,) — k s H'G V,)-torsor

= k<H'G,v,) = H'(C, U,) rso

= H'(G.uu.) represenduble



Cor: X/Q, U — (' as behre, £ prme

= R (Gz-c%:v. M‘—'I-oldo"s)/l,;o

over R

x H'(g, U'(»)
is vepreseatmble by affine @, -sheme.

Dewote i+ by H'(Gp, u),

P_‘Fi (for 25"?)
Check couckihony of Theorem.

Define W, U’ v °é‘5ww°b'"j Cembal series *

.

w,u = U, W_,-”U' = [W-i uf: u'l.

V'l = 3?’3/ (/('_ Clawm : V.,, 'S ?M"e O‘F Ve'ghf -n, ,'_e.' l"z& Ql‘ﬁel/; vwrluyes -4

of Ouy geom Frwbew'us Fe Gy are aly /@ ol [i(«)] = 277 for alf

ewbeeloumjs Lt Q) < C. Follons From :

o V' =(u:)aba_ uéhab = Hé:(X@, Q)f pure of vt -~1 b/v

Riemann Uypobhesis  for curves over fuide  frelols

. \/1@"‘ — V, ye.®v, — [’01. (v, (..., Val)]
D V., pwe of wt -n

Ul = H(Cp, V) =D V¥

Gy s "'Ph??'/r*y (F)" e g only fin monry opes subgroaps of avy g'vea ;4 olex

= MGy, V) Fra. bim.

= H1( Gy, U') represontable by Thuw

Gek ol,«‘agroth for every prme  {

X(@) > X(Qz) Jo jo @ Tug, ~abelravr Kywpmey vaqps ™’
; J’ or “higher Albonese weaps”
Je
v
{ (oc ,
H'(Gq, u) > H'(GCyp, Y



Selimer fumetor:
Gl (X)) R = {xe H(Gg, u)(R) | V£ loc,(w) € jolxr@p)”]

Rk :
i Lp: 1e(X(@y) Pumife,
F 2 of 3000( reduchon : jl(X{Ql)) = {*}

c i pep jp(X(@)® = Hi (Gpo U, R > kee [ H'(Ge, U'(R) —> H'(Gy, W(R @8.,))
P-

subscheame of crostolline classes” Foulaive's peviod nag

Thw: The Seln.er functor s H’PKS&M‘\'OIAIQ L), au “#}MQ @?- schewep,

Thes /s Hee Selmer scheme S@(U:(X).

lP‘F Ske"ﬁbl: 'rO" T "Pllhl')'c 9{1‘ 0'10 PV"meSr
Gri= Gulors gp of warr extla of @Q hidr it cuvam. oulside T,

G.,_ (walike Gg) las properly,  (F),
Sely.(x) ¢ H’(G,—, U') for some 7-)

[ The de Ruam fu.,domenlul group

X 7 @P for now

M'C‘M(X)z Townaba Cukjo7 of uV,,'PoJ.&ﬂf- vector bu~slles /M)fgl""lble, COfn!—-GCA'o(,,‘
objechs (£ V) with € veclor buuole o X,
v: & —n'e ¢ counechoy, (wi=o o to motheals)
Oy

3 ‘ﬁ"”Va)‘I'DVl E=€ 2.2 o = O s+t E.‘q/&. S (@Xr of ) unt °Ljecj-
L c )((@g) o&,‘;'nu L‘bb—e_ 'QAJ—\L‘)LOP' Fn!ﬂb : MIC““(X) —> @ZP'/‘("J{,(.
WE = At®(Fib,)  de Ruam Audamental group

PRy = lsom®(Fib,, Fib)  de Ruaw palt space (v, y e X(Qp)



“_&qu& ,‘a,.}-egy-q{S'- L_Q.+ Wy, ..y Wi € Ho(x, .O_f ): Y€ ?Je (X/ 7)(R), R Q?-u(je‘ém('
— o(@p.’ne S wy - w, c R as follows
Y
!, df 0 w, f+
Eg = ((D):", V) whth v ( ) = ( :f ) - o “O)l ( )
fu-n J-F,_‘ t- - Wn
y % £,

ntd
a,&!: R < F:'bx(gg) > Fibr(E.:.) = PVH'

S W1 -..wv' = e1v ( XEw ( e_mﬁ’)) € E
’ w

Fact: Ev207 0((3. furchon  ou 'sz(x,,v) s o @p-lLuear combiuakon, of
Heva :’wj{;jw{(f y b qu...ouh_

Y
feraked Colewnan ;o begrals-

X, = special fbre of utigue Swoofh wwode| of X over Z,
~ Tommakg 00(}-(307 [soc™ (X))  of unipolent isocrpshotls oa X,
T oprhilliee fadamenknl 9o Ut pali spece PU(k,)
Comparison, thuw,: MIC Tx) =~ [soc“"(X,)
DRI U e, pen(e, g
~ Fnb @ U ?‘m(x./)
Thu : ( Besser)

Fov all X5 € X(Qp), «{! Frobeuius- invoromt Pam P‘"‘ € ?JR(X. 7)(629)

Def: Lot x.s € X(Qp), o, .., 0w, €H (X, n')

gw,---wn = wew, € @, derateol _Colewan 7akgral

P
RBoks For Xy o e Same vesdue olisc, t waf at Xi Can Compule (
e?ﬂ?lMoan_g w; Hl:)oH‘ as Comva;j,,,,,'i' power Sevies aucl

£
wbegroding ibevabielys (o= ~~Jt)3£(+)4+|t=u,,

X

10

w by



1

de Rham WKuwmer mop

Ude carvies Hodge £ lhvor o /'_.Udk b subsihewes ool Fobeurus auiow,
Fous® ¢ % subgp. —  Foyu? regbt  copet schewe

‘Dcﬁma “aolum'S'r.'ble_ udn—l-pb'oyy": C‘Q*’r/y Cowrﬂ)"u{ Hoz@,e f,'l*y. < Fmb_

Tha, - (,L“’\u‘“z)(R) x (Qdm:m’ue UJR-J'DHoH‘)/.J.o

ovevr R

Sketehr: P adwr. U™ -bowor 7 R

= d M e E7(R), 3 unigue 9 € ’P(R)Fy&
P = (M) e e (FP\U™)(R) a

de RUavr Yoy mmag, IR E

dR o
) X‘Q,) —> F \ud? X — [Pdk(b,x)] = (PH)".?cr

Va R

leje ,’a‘h, Frob. -twv. rﬂm

pullicg  back (& W, ...u.,>c_ O(F*\ L) along ;%R gives ibmkd O ofeonsns ja g vt

J
X

x(@ﬂ —> er. Sl Scu,---cu...,
b



