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Diophantine equations

Motivating question: given f(x, y) € Z[x, y], solve f(x,y) = 0 in Z.

For example, what are the integer solutions to

y? = x84 2x°5 — 7x* — 18x3 + 2x% + 20x + 97

(-2, 3) 1,1 ©,3) (1,3)

More generally, what are the solutions in
Zg = Z[% : ¢ € §] for afinite set of primes S?

23 "N 03 0, -

Geometric formulation: an equation f(x,y) = 0
describes an affine curve Y in A2, the solutions
in Zg form the set )(Zg) of S-integral points.



The Siegel-Mahler Theorem

Setup:

« X/Q smooth projective curve of genus g

« D C X finite set of closed points (“cusps”), n = #D(Q) > 0
* Y = X~ D affine curve

« X /Z regular model of X

* D the closure of Din X

e Y =X-Dmodel of Y

- Sfinite set of primes, Zg = Z[} : ¢ € S] ring of S-integers

Theorem (Siegel, Mahler)
If2—-2g—n<0then #Y(Zs) < cc.

Goal: determine )Y(Zg) or bound #)(Zg) in practice



Chabauty—Coleman

The analogous problem for on curves of genus > 2 can often be
solved by the method.

Mordell Conjecture (1922)

If g > 2 then #X(Q) < oo.

« Chabauty (1941): proved finiteness if r .= rk Jacx(Q) < g
+ Faltings (1983): proved finiteness in general

Theorem (Coleman, 1985)
Let p be a prime of good reduction for X and fix a base point Py € X(Q). Ifr < g
then there exists a computable differential form 0 # w € H%(Xg,, Q') such that

X(Q) C {P e X(Qp) : /Pw - o} C X(Qp).

Po



Affine Chabauty

The Chabauty—Coleman method produces a finite computable subset of X(Qp)

containing X(Q). We develop a Chabauty—Coleman method for S-integral points
on affine curves.

Differences:

» use logarithmic differential forms w € H%(Xg,, 2'(D)), i.e., simple poles at
cusps are allowed

* partition S-integral points by (finitely many) reduction types
V(Zs) = [[V(Zs)s
pN

and look at each Y (Zg)y separately
 Jacobian is replaced by the generalised Jacobian



Main Theorem

Notation:

* p ¢ S prime of good reduction for X
* Py € Y(Q) base point
* n=ny(D) + 2n2(D) with ny(D) = #D(R), no(D) = %#(D((C) ~ D(R))

Theorem (Leonhardt-L., 2025+)
Assume the (ACC)
r+#S < g+ #|D|+n(D)—1.
Then for each reduction type ¥ there exists a computable log differential
0 # w € H%(Xg,,Q"(D)) and constant ¢ € Q, such that

Vs < {Pedy): [

Po

w=c} C V(Zp).



Idea of proof

Generalised Jacobian Jy of Y:
Jy(Q) = DVO(Y) / {div(f) : f € k(X)*, f]p = 1}
Abel-Jacobi embedding Alp,: Y — Jy, P — [P] — [Po].
Affine Chabauty diagram:
V(Zs)s — I(Zg) — V(Zp)

Jry
JAJP0 lAJpO lAJ Py
lo

Sel(Po, ) Jy(Q) —— Jy(Qp) —bs HO(Xg,.Q'(D))”

Key insight: Jy(Q) is not finitely generated but the Abel-Jacobi image of Y(Zs)y is
contained in a subset Sel(Py, X), a translate of a f. g. subgroup of rank

ACC
rk Sel(Py, X) = r+n1(D)+n2(D)—#\D|+#S( < )g+n—1 = dimg, H(Xg,,Q'(D))



Arithmetic intersection theory

The Abel-Jacobi image of )Y(Zg)s in
Jy(Q) is constrained using intersection
theory on the arithmetic surface X.

We construct the D-intersection map

X

or: Jy(Q) = Zo(Dr,)/[Dr,] ®2 Q,

F s Z ix(Vo(F), D)[X]
X€|Dg,| J/

SpecFo SpecFj Spe'c Q

SpecZ
such that o,(AJp,(P)) depends only on:

+ the component of A%, onto which P reduces
* intersection multiplicities ix(P, D) with the boundary divisor at x € |AF,| (¢ € S)

Here, W,(F) = horizontal extension F + a vertical Q-divisor ®,(F)



The reduction type ¥ = (X,), prescribes for each ¢ the component of A, or
(if ¢ € S) the cusp onto which the point reduces. We get

o¢(Alp,(V(Zs)s)) € Su(Po,x) of rank 0 (¢ & S)or 1 (£ € S).
Define the Selmer set
Se|(Po,Z) = {F S Jy(@) ‘ Ve O'g(F) S 65(P07Z)}

then Sel(Py, X) contains the Abel-Jacobi image of Y(Zg)sy and is a translate of a
subgroup of small finite rank.



Theorem (LL)
The integral points of the rank 2, genus 2 curve
y? = x84 2x5 — 7x* —18x3 + 2x% + 20x + 97
are (—1,+1), (0,£3), (1,£83), (—-2,+£3), (—4,£37).
Proof.

Use the Affine Chabauty method with p = 5, find 0 # w € H%(Xg,, Q'(D)) with
P

W(Z) C {P e V(Zs) : / w= o},
(7171)
and check that the RHS only contains the listed points. O

Thank you!



