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The p adic section conjecture
for localisation s of curves

1 The section conjecture

continuous map of top spaces
B base points b

Consider a section B X of f

Get t.lB.ba Till Ibo by functoriality



Assume that the fibre f Ibo is pathconnected

Choose path y b Ibo

8get µ Ig MIX xlb.lt Till xo
Xo

airsection Sx TilB b s T IX bot MIX Xo of f

Differentchoice y

loop 8 8 E MIX in the fibre Xb f Ibo

Sx welldefinedup to Tilla Xo conjugacy

To summarise

sections off ftp.xse jj iu f4f
es

Xr TelX Inf f
B TIB.ba

In arithmetic geometry

k field Elk alg closure

Xk geom connected c XII

Apply the construction above to f X spec k using Etale fundamental groups

Have it Speck Speak Gallülk Gk

Get map

k s TilXI Ä conjugacyclasses
of sections of MIX Gu

X MIXFo
T ufSpeck G

Section conjecture Grothendieck 19831

Let K be fg over Q and let Nk be a proper hyperbolic curve
Then is a bijection



Injectivity already known by Grothendieck
Consequence of Morde WeilTheorem

Variant for opencurves
charlkt 0 4k smooth curve X EI compactification
Points at infinity induce sections as well

Let c XXII be a cusp or pointat infinity

speclfraclOI.at hlnselisationofXatx
algebraic analogue of punctured disc

Tj 1k punctured tangent scheme at Tx I
Gm non canonically

Deligne's theory of tangential base points
MIT TilXI

Consequence all nonzero k rational tangent vectors v ETI.lk
induce sections of MIX Gk

T x r

F X su auspidal section

Speck

Section Conjecture for open curves

Let Nk be a Smooth hyperbolic curve

Then every section of TelX Gk is induced
by a Unique k point of F



Binational variant

X is hyperbolic if the Enter characteristic is negative
XIX 2 2g r 0

where

g genus of X
r III XIII number of cusps

Thus
smore cusps more hyperbolic

Removing all closedpoints results in the generic point 2x
2x Spec K K function field of X

Talk GallElk GK

Binational Section Conjecture
Let Xlr be a Smooth proper curve
Kh the function field

Every section of GK G is induced
by a unique k rational point of X

The p adic sectionconjecture for localisationof curves

From now on k finite extension of Qp

Section conjecture for proper or open hyperbolic curves over k
is open

Birational p adic section conjecture



Theorem Ip adic Binational SC Koenigsmann 20051
The Binational SC holds for k a finite extension ofQp

Proof uses model theory of p adically closed fields
Different proof was given by Pop in 2010

Main technical input
Theorem Pop 19881
Local to global principle for Brauer groups of
fields Mlk of transcendence degree 1

B IM c IT BRIM is injective
w

w valuation on M extending p adic valuation on k
Mü heuselisation of Mat w

s

Roughsketchof Pop's proof Given section G Gu

1 imIs E GK corresponds to Galois extension Mlk
with Callum Gall k

2 Brik B M injective
Let c Brik with inulal pm.dk

0 alm 0

3 Local to global principle
valuation won M sit In 0

4 WIK is the valuation defined by a closedpoint x of
s is induced by this point



In fact Pop proves a minimalistic variant which uses

only the maximal 2 2 metabelian quotient of TeX

Localisations of curves

Mk Smooth proper curve

SEX arbitrary set of closedpoints

Def localisation of X at S

Xs MU U EX denseOpenu s

Ex S X Xx X the whole curve

5 0 Xp 2x the genericpoint

S Xx Spect

In general

2x E Xs E X interpolation between genericpoint
and whole curve

GK Tills T.lt

Section conjecture for the localisation Xs

Every section of Talks Gk is induced

by a unique k rational point of X

We identify conditions on X and SEX which ensure that
Pop's proof generalises from 2x to Xs

We verify the conditions in some cases



TheoremA IL 2020

Assume that
a S is at most countable
b X is defined over a subfield k Ek and
S transcendentalpoints over Ko finite

Then Xs satisfies the section conjecture

The liftable section conjecture

Notation IT profinite group
IT Tab 2 2 maximal p elementary abelian quotien
IT maximal 2 27 metabelian quotient

Def IT G sarjection of profinite groups
section s of IT s G is liftable if Is as follows

IT G

IT s G

Def we say that Xslk satisfies the liftable section
conjecture if every liffable section s of Hills Gk

is induced by a unique k rational point of X

Theorem Assume that every geometrically connected finite e'tall
cover of Xs satisfies the liftable section conjecture
Then Xs satisfies the section conjecture



Good
IocaIisationsk1
pfinitl.MpEkXIksmooth proper curve
K the function field of X
SEX set of closedpoints

Def Xslt is a good localisation if the following four
conditions are satisfied

Sep For all y in Xlk the map

OIXsvlx.ee k

fix
f fly

is nontrivial

Pic Every geometrically connected finite p elementary
abelian cover W s Xs satisfies Pielwyp 0

Rat For all non rational closed points cXc with
ptde.gl the map

OIXs.us
f I FIX

is nontrivial

Fin For every rank 1 valuation won K extending
the p adic valuation On K the map

OKs Kikuyu
has finite cokernel

Theorem B L 2020
Good localisations satisfy the liftable section conjecture



Example µ Xp is a good localisation
recover binational p adic SC Iliffable full

For Rat
Lemma k El nontrivial extension

Yip is not surjective

dim i dimm XP

Sketch of Proof of Theorem B
Let Xs be a goodlocalisation
Let s Gj Hills be a liftable section

Let W WIS Xs be the P elementary abelian cover
corresponding to imts E Fills let µ Mls be its function field
Step1 B.lk lpIsBrlM lp is injective

use littability to show H Gk Mp H m w µ injective
comparison of group cohomology and estate cohomology

H'Im lwl µ H W Mp injective
use condition Pic und Kummer sequence

PicIWYp H 1W Mp Br w Ip O

D
use Bkw E BRIM Grothendieck purity

Byproduct of Step 1

Theorem L 2020

Assume genusk 0 If there exists SEX sit Xs satisfies

Pic and Talks Gr admits a section then

indexIX gut Kk k cXc 1

Step2 Let c Bkk the classwith indo Imad R

Have IM 70 by Step 1
Pop's Local to global principle

I I



valuation won M of rank 1 with w c p adic trivial

s t a µ 70

Step rule out positive residue characteristic of w

Assume charlkt 0 Look at extension MEIKE
Condition Fin implies Mü is cofinite in the maximal p elementary
abelian extension of kwh

Analyse p elementary abelian extensions of mixed char
heuselian fields

µ too large for Brauer dass x to survive

So w1 trivial

wir Vx valuation of a closed point cXd

Step4 Condition Rat implies that x is k rational

Condition Sep implies uniqueness statement

Variant of liftable section conjecture without P Its roots of unity
Let Mkbe finite Galois

Def Say a section s Gallen Gall l Xs is liftable if
it admits s as follows

Gallks d As Galle Ik
s

Gallks d As Galle.lk

Theorem Assume that Xs l satisfies the liftable SC

Let s Gallen Gall l Xs be a liftable section

Then there exists a unique k rational point EXIL
St d Galleye lies over l


