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The p-adic section conjechure

for localisah'ons of curves

$1. The seckion conjecture

Compuanoys wap of Fop. spaces

#]
2 base points Xo +— bo

Cousider @ sechkon x: B — X of F
Get .t w8 b)) — (X, xl ko)) by Rwmchoriality.

*



Assume that  the fibre F(b,) s pat-counected.
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Choose  path Y: xleo) o x, * (&)

gty (X xtbe)) = (X, x)
Xo
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s e (X x(b,) u m (X, x,) of %

—  Seckon S¢: (B, b,) ok

DI%M G[(Ol'Ce J"
= loop pyT e m( Xy, x)) i Mee Kbt X = £ (ko)

™ Sx well-defined wp o W (Xe,, %) = comjugacy

To Suwwmarise:

gSec)'s‘Ons of f] — {ﬂ',()(,,., X, ) - comjugacy c/q.rres}
of sechous of 7[1:

X » (X, x)
AW " t] e
/ ] ;

B (B, b,)

lw arithmelic gepmetr,

k feld, k/k alg. closure

X/ 9eom. counected, X & X(k)

Appl7 e COIAS}"MCJ-;'OV) above o F: X — Spec (k) Ll.;,'u‘g ehale Frvnclan enfee/ groups.

Hove i (Spec(k), Spec(i)) = Cal(k/t) =: G,

Get wap
X(k) —s 2 T XE, X)) - conjugacy classes } (%)
of Sechous of mX, %) — G,
>(,\\ ™ (X, &)
Y I
l } N l
Syec (k) Gk ‘

Sechon counjechire: (Grofemclicck 1383)

Let k be fg. over R, aud let X/k be a proper hyperbolic curve.
Thea (%) is a bjjedsion.



I\A_je,cl-ivﬂy q(l—eaal;/ known 197 Grotheucdlieck.
(Consequence of Moroleli-Wei| Theorea)

Variant for open curves

char(k) = 0, X/l swwoota cuvve, X € X Coupachficerhon

Points at z'mcv'th induce sechons as well :
Let xe (X\NX)(k) be

a Cuse

(or point at :hﬁimﬁl;v),

X0 = Specl ch((Q%J) hermcelsafion of X ot x

=

alyebroce  amalogue of ool olis
puncarre < E ....................
Tx‘jx /k  puuchaed -l-aﬁgm/' schewme ot x
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X
Deligne’s n‘u"y of htwgmb‘ot{ base points
=

m(Te) =~ mlx!)

C@V\ Sa%om ce:

all  vowzero k-rabonal ‘i‘qnge,m_t vecfors v € TJ(O,. (L)
induce Sections of mX]— G :
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Seckion Co»jecJ'mve for opern curves:

Let X/4 bLe a Smooth, hyperbolic

curve,
of 7‘_1()(,)(9) —> C?k ‘s
a uuigae |l -poiat of )?

Then every sec fion

inoluceo!
by




Bivorional variant

7S meﬁoth’ve:

< O

X is hyperbolic if  the Euler charachteristic
x(X) = 2-2¢9 -~
where
94 = genus of X
Ti= F(XNX)K) tumbe, of Cusps
Thus:

movre

jzewn.ov:'v.ﬁ qll
Ye = Spac[K),

myx) = Gal(K/K) =: Gk

Cugps => wore hypprbolic

.

closed points results in the gemeric point 4.
K = Ruckion Feld of X

Birational Section Conjechure :
Let X/}, be a smooth, proper curve,
K/, e hichion freld
Every seckion of Gy —» Gy is imduced
by «a uniguee  k ~votiono/ pomt of X

§2, The p-adic section COV\JBG‘}IAl"e fo

T localiscdions of cuvves

FrOM now on :

SBC_HOW C@m)'echarc for proper or open

is open.

@71"01"';!91/101{ P—aolA'C sechon COMjCC'}\Are’

k = fruite exlension of 25

h,perlool.'c curves over k




T heorem: {P—ao(.'c Bivekiono sc, Koenigsmon ZOOS)

The DSivational SC holds for k a fiuile exleusivom of QP-

Proof uses wmodel theovy of p—ao(.'cofl17 closecdd Fields.

Different IOVOOF wos  given b, ?op ‘. 2010.

Mo techaical :'vupyn":

Theorem : (fop 1382)
Local ~+o0 - global principle For Brouer groups of
fietds M/k  of troumscevolenice olegree 1.

Br(M) — _ﬁ' Br( M) is

iujeckug
w valuation on M exteviding  p-adic valuation oun k,

h
M. heunselisation of M at w

_____

QOHSI/I sketch O‘F Pop's Pmo)c\:

Given section Gy

1. im(s) < Gk corresponds 4o Gotlois extenmson M/K
with  Gal(K/M) = Gal(lk/k)

2. Drlk) —s Bor (m) -'m'eci-ive.
Let o € Brk) wige invlx) = 7 mod Z.

< 20 = x|, * 0

3. Local-to - global principle

= 3Jvalwabon w on M st | b 2 O

L*' W’K 5 ‘]’lﬂe \/otluq_‘)-.'om Ola 'Fl""ed by C 0(0530, POI.V)f X OF

S s 'mducecj [oy Yhs pomt  x



L4 " . .
(v fact, Pop Proves o minimaliskic vewriamlt which wses

only the mct Xinol Z/Pz—me/)-abe(:'an guokeut of T (X)

Localisations of curves

X/l swooth, proper curve

S Xy avbitrary set of closed! points

Def: [(ocalisotion of X at S

XS = m u’ U<s X odense open
uz=2s
Ex: . S= Xf-l : Xxg, = X the whole curve
° S=4¢g: X¢ = "lx the generic PO""'i'

. S = {x}: X‘ = Spec(Ox,)

Jn generyl :

{ !Zx } c X S c X r'ln"'evPclaJ"’ou between gevmeric ot

avtbl whole curve

GK —>» m(Ks) - 71()()

Section COn‘jCC}'Mhe for +he loculi sation Xs :

EV?—")‘ secton of m(Xs) — Gr s  imdluced
by a unigue k-rational point of X.

We id%#;fy conditions on X andd S € X which ensure Yoot

Pop’s proof genevolises from, 1y 4o Xs

we ve,r.'f;, the concditons (1 some Cxfes:



Theorem A: (L. 2020)
Assume  that
(a) S is at wmost countmble, or
(B) X is oefined over o subfield bk, €l amol
S = {tiaascendentot/ points over k,} u (Frorte)

Then Xg saktisfres +he section conjecluve.

é'} The liftable section COMJ&C?LIA_)'&

NMotortion: 7T 'Proocfn»\.'J—e 3’0‘"’!3

— .

I

7" = moximal Zgz ~metubeliotn  guotieal

—ab
T @Z/PZ wrce x o) p-elementory oabelyorn quokeat

Def: TT —> G surjection of profin/fe groups.

secton s’ of T ' — G s i ftFable if J s" as follows :

s
PN )
7T > &
s’ l
2',, — ..,'
Tl' —_— G

’D;f: we fay Mat Xs/k satrsfres Fhe {(.)C-f-alole, seckHon
/ ’
covjechre if every jftable Sectiom s of me(Xs) — Gy
(s %) otucec,( b/v Q um{g/f/te- k - roofio mol’ PO:‘M{' O'F X.

Theorem:  Assume fhat every geomeh.‘ca{(/v counecledd Finife Etale

covev of Xs s«ah’sﬁ“es the |iftable section COV'J'EC}’MM,

Then KXo sabisfies the Sechou Comjechure.




Good localisations

k/@, finitt, Mp € k

X/ smools, proper curve

K the funckion Field of X

S € X set of closed points

Def: Xs/k is & good localisabor i fue following Four
condihons are sahshed:

(Sep) For all X#Ey in X (k),

the mop
O(Ksotn,yg)* — ko x°
f(x)
)(' — ‘f(y)

iS nountrivial.

(Pic) Every geometrically conunected

abeliotn cover W — k¢

Jcl't/u‘/-e P—e/eme,wfqb},
sottis fes ?;cLW)/P = 0.

(Rat) For all non-ratonal closedd poiuts XEXC/

with
pt deglx), the moap
OXsy )" —> *W)
(Xsu ) 41{&)*?/
f o > f(x)
is  nontrivial.
(Fn) For evers ronk 1 votlucttion w on K ex)—emolfwg
the p-adic voaluction on k, tHie mop
CQ X 3 _— ("<v‘~:))< x?
(Xs) ars

has Fimite coke rme .

Theorem B (L. 2020)

Good localisations sakisfy tre liffable section conjechure.




Exawmple 9x = X4 is a good localisation

=> recover birational p-adic SC (liffable + Full)

For (Rut):

Lemma: Kk ¢/ woubivial exhusion
x X
= k/kd’ - ’e/lk" wot fuvl)‘ec}‘fV&

PEe i (Kr) < dtimag ()

Skerchi of Pv0of of Theorem B :

Let XS be o 3000/ {ocall'sa‘,'}on,
Let o2 G — 'rrq()(s) be a |[;ftable section.

Let W=WI[s'] —Xs be pe p—e(emwhv/., abeliay cover

corresponcling to  im(s’) € e (Xs)! (et M= Mis'] be its Fauchon fepf

Step 1: Br)le) — B (M)(p) s ivjechve.

* use l;{_h,bil;fy o show L,l(Gk, /49) I ,_’2("1 (W), /47) '~VIJ'65+;V€

* Comparison of group Cohomo(037 aud lale cehowolog/:

— 2
= HY(m, (w), /«P) — HZ(W, /“P) :nJechve

. use Coyolikon (Prc) aunol  Kuumer sequence

0 — Pielw), — Hiw, me) — Br(w)lp) — 0
—— —
=0

use Drw) € Br(M) (Grotheundieck purity)

B7§’roolMc+ of Sleg 1:

T heorew : (L. 2020)

Assume gemus(x) >0. 1 there exisks Scx, st Xs sabshes

(Pic) auwd M(Xs) — Cu aduwits a seckion, they,

.-nolex(x)id 3(;0/{ [xtx): kI | xe Xal} = 1.

Skp2i Let % €Brlk) the cluss with inv(x) =5 [wod Z)
Have oy #O0 by Sep 1.
Pop 's Local -~ +o - 3lobal Pr:’wc.’ple



= J valmakon w on M of vouk 1 with w), € {p-adlic, hivial}

s.t. 'X’M..I:' £0.

Step B¢ rule out positive residue characheristic of w

Assume char(x) > 0. Look at exteusion M:',/K,'Z,

Coudikon (Fin) implies M2 05 cofimile i e maximal P -elenrentary
abelion extemsion of Ko

Aha(/vse. 17~e(&m&4Jav/v abelicqy, ex#usioas of wrxed  clar.

heusebian  Felds
=2 b o {mﬁc For Brauer clasr x o swmvive ;

So W’k= hivial.

= w, T Uk Vqluqb'o:/l of « C(oSeo[ poimt X€/K~.I.
S_ﬂ& Councibion, (Ral) (mplies  that x is k-rakongl.

COP‘OL('HOV\ (SQ?) «'IMP[,'eg uwiq,uemess stalewent,

Vaviant of [iftable sechon CO"‘JBC'}'W'Q wilthout P~ voots of 4,«,.,.&
Let Ll be Funite Galois.

Def: Say a seckou s Gal(8/k) —> Gal.((XscB—U//XS) is  littatle o
it adwmits " s follows:

G

Gal((xs®l)"/Xs) —» Gal(L"/k)

l —~ |
Gal((xs®L8) /Xs) —» Gal(L/k)

Theorem : Assume Mot Xe©l sakshes e |iftable Sc.
Let s't Gal(#7k) — Gel(Xs®@L) ) Xs) be o liftable sechon.
TL'-W Mere exisk « (Anil}ue L .Puj-,’gp‘ al Po,‘.,,f k € ,V(I()




