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Martin Liidtke 3/43



S-integral points on curves

» K number field, S finite set of primes of K
> Ok.s = Ok[S7 ring of S-integers
» X/Ok,s regular model of smooth hyperbolic curve

Theorem (Siegel, Mahler, Faltings)
#X(Ok,s) < o0

Example
X =P\ {0,1,00}, K=Q(i), S={(1 - )}

1 1+I 1—
(Z[I7ll]):{2’_12 Il+ll 2 ) 2 }
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Chabauty—Kim over number fields

Fix
» a rational prime p which splits completely in K s.t. all p | p are
of good reduction and ¢ S
» a Gk-equivariant quotient wit’Q”(Xﬁ, b) —» Nt

Aim: locate X(Ok,s) inside X(Ok ®z Zp) = [, X(Oy) or inside
X(Oy) for fixed p | p.

Chabauty—Kim method produces subsets (Chabauty—Kim loci)

X(OK X7 Zp)s7|'|ét C X(OK X7, Zp),
X(Op)smee € X(Op)
containing X(Oks).

Remark

When X is projective and M¢t = wft’Qp(XW, b)?°, the CK method
specialises to Siksek’s Restriction of Scalars Chabauty.
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Chabauty—Kim diagram

X(Ok,s) — X(Ok ®zZp) =[], X(Op)
ljs Jp=I1;J»
locp,=]], loc
Sels nec(X) " Ty, HH(Gp, %)

> Selg nec(X) C H( Gk, M®) (global Selmer scheme)
parametrises MM*-torsors with Gk-action satisfying local
conditions

> H%(Gp, M) (local Selmer scheme) parametrises crystalline
Me-torsors with G,-action

» js and j, (global and local Kummer map) form path torsors:
P OXb)
X Wit’Qp(XK; b, x) x N

» loc, restricts Gyi-action to G, C Gg



Chabauty—Kim loci

X(Ok,s) — X(Ok ®z Zp) = [, X(Op)
ljs Jp=I1,Js
Sels e (X) 2% T, , HH(G 1)
Fact: locy is a morphism of affine Qp-schemes
Definition (Chabauty-Kim loci)
X(Ok ®z Zp)s nee = j; *(locy(Sels mec(X)))
X(Op)s e = prp(X(Ok ®z Zp)s net)

Here, pr,: X(Ok ®z Zp) =[], X(Op) = X(Op) is the
projection map.

Weaker variant for single prime p | p:

X(Op)ls,nét = jgfl('OCp(SE's,nét(X))) = X(Op)s,nét



Kim's Conjecture over number fields

Conjecture 1 (Kim's Conjecture)

For sufficiently large quotients wit’Qp(XF, b) —» Mét:

X(OK ®Z Zp)s’nét = X(OK,S)-

Conjecture 2 (Kim's Conjecture for p | p)

For sufficiently large quotients wft’QP(X?, b) — Met:

)<((933)S,I'Iét = X(OK,S)- Photo credit: Jan Vonk

» Conjecture 1 = Conjecture 2 for all p | p

» converse can fail

Martin Liidtke 8/43



Relevance of Kim's Conjecture

Why do we care about Kim's Conjecture?
» reduces determination of X(Ok s) to computing CK loci
» implies a weak form of Grothendieck's Section Conjecture:

S-Selmer Section Conjecture

Every locally geometric S-integral Galois section
s: Gk — m$4(X, b) comes from an S-integral point.

Theorem (Betts—Kumpitsch-L., 2023)

If X /O s satisfies Conjecture 2 for a Dirichlet-dense set of
primes p then it satisfies the S-Selmer Section Conjecture.
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Dogra’s finiteness results

» take M°t = M the (nilpotency) depth n quotient
> locus X(Ok ® Zp)s,n is cut out in X(Ok @ Zp) = [],,, X(O;)
by iterated Coleman integrals of length < n

» at least [K : Q] functions needed to cut out a finite set

» need to rule out unlikely intersections

Theorem (Dogra, 2023)

If X =P\ {0,1,00} then #X(Ox ®z Zp)s.n < oo for n > 0.

Theorem (Dogra, 2023)

Suppose X /K is smooth projective of genus > 1. Assume that the
conjecture of Jannsen, or the conjecture of Bloch—-Kato, hold for
X" for all n. Then #X(K ®q Qp)n < 0o for n> 0.

Martin Liidtke 10/43



2. Polylogarithmic Chabauty—Kim loci for the thrice-punctured line
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Polylogarithmic Chabauty—Kim loci

From now on:
> X =P\ {0,1,00}
> M = I'I%th depth-n polylogarithmic quotient (1 < n < o0)

= CK loci are cut out by polynomials in p-adic (poly)logarithms
log, Li1, ..., Lin: X(Op) = K,

Zdt Zdt dt dt
og(2) gt (2) ot tl—t
N

k

Notation for polylogarithmic Chabauty—Kim loci:

X(Ok,s @ Zp)sprn resp. X(Op)spLn resp. X(Op)spr,
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What is known

Theorem (Kim, 2012)

If K is totally real then #X(Oy)s py, , is finite for n > 0.

Theorem (Dan-Cohen, Wewers, 2015)
For K a real quadratic field, S = 0, n = 2, we have

X(Op)/@,PL,z = {z € X(Zp) | Lix(z) — % log(z) log(1l — z) = 0}

Theorem (Dan-Cohen, 2020)
When K is not totally real then X(Op)s py, o, = X(0y) .1

Lexcept when K is imaginary quadratic and S = (§
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Integral points over imaginary quadratic fields

Theorem (Li-L.)
For K imaginary quadratic, S = (), any 1 < n < oo, the locus

X(Ok ® Zp)p.pL.n
is contained in the set of pairs (z1,22) € X(Zp) x X(Zp) satisfying

log(z1) = log(z2) =0,
log(1 — z) = log(1 — 2) =0,
Lik(z1) + (—1)* Lix(z2) =0 for2 < k < n.

The containment is an equality assuming a p-adic version of
Grothendieck's period conjecture.
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Primitive sixth root of unity

We can solve the equations using the following lemma:

Let z € Zp with z # 0,1 mod p. Iflog(z) =0 and log(1 — z) =0,
then z is a primitive 6-th root of unity.

If log(z) = 0 and log(1 — z) = 0 then both
z and 1 — z are roots of unity. Fix an em- ¢

bedding of Q(z) into C. Then :

W
The points of intersection of the unit circles

27i /6 ¢t
centered at 0 and at 1 are (g = €2™/6 and 6
Cﬁ_l — e—2mi/6 n

\z](czland]l—z\czl. G
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Kim's Conjecture for Z[(3]-points

The lemma implies:

X(Ok @ Zp)gsr = Mgrim(Zp) X Ngrim(zp)
X(Op)p1 = pe "(Zp)

Note that X(Z[¢3]) = {6, (g '} since G6 + (gt = 1.

Corollary
For K =Q(¢3), S =10, any p=1mod 3, p | p, Conjecture 2 holds
in depth 1:

X(Op)p,1 = X(Z[¢G])-
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Kim's Conjecture for Z[(3]-points

What about Conjecture 17

A computation using finite polylogarithms shows Li,_3((s) # 0
(Betts—Kumpitsch-L.)

= ({6, Go)s (G616 Y) € X(Ok @ Zp)yprp3
= X(Ok ® Zp)prrp-3 = {(C6, G5 1)s (G510 Go)}

Corollary
For K =Q(¢3), S =10, any p =1 mod 3, Conjecture 1 holds in
depth p — 3:

X(Z[G3) ® Zp)p pr,p—3 = X(Z[(3]).

Remark: Conjecturally, Liz((s) # 0, which would imply that
depth 2 suffices.
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Failure of polylogarithmic Kim's Conjecture

Theorem (Li-L.)

Let K be an imaginary quadratic field which is not Q((3). Let p be
a prime that splits completely in K and satisfies p =1 mod 3. Let
p | p and assume the p-adic period conjecture. Then

X(Ok) =0 < {6, '} = X(Op)p,pLcos

so Conjecture 2 fails for the polylogarithmic quotient.
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S3-symmetrisation

Corwin—-Dan-Cohen observed a similar phenomenon over Q and
proposed " S3-symmetrisation” as a remedy: define

S:
X(OP)S?PL,n

as the maximal Ss-stable subset of X(Oy)s pr1, ». Note that
X(Ok,s) € X(Op)s,n © X(Op)gpr,n C X(Oy)s,pLn-

C-DC conjectured that X(Op)ngLm = X(Ok,s) for n>> 0.

But in the previous theorem, X(Op)g pr. 0o = {C6, (g} is already
Ss-stable, so even the S3-symmetrised polylogarithmic locus is
insufficient!

= need to go beyond the polylogarithmic quotient eventually
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Another negative result

Theorem (Li-L.)

Let K be a number field containing an imaginary quadratic field
and assume S D {[| I} for some rational prime |. Let p # | be a
prime which splits completely in K and assume the p-adic period
conjecture. Then, for all p | p, the Chabauty—Kim locus

X(Op)s pL.oo contains all roots of unity # 1 in Zp.

When p is large, these roots of unity to not belong to X(Ok s), so
Conjecture 2 fails for the polylogarithmic quotient.
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Sets S of size 1, Galois-stable case

Variant of polylogarithms:

n—1
()= 3 Prog(2) Linu(2)
k=0
Example
Li(z) = Lii(z) = —log(1 — 2),
Ly(z) = Lix(2) — % log(z) Li1(z),
L3(z) = Lis(z) — % log(z) Liz(z) + 112 log(z ) Li1(2)
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Sets S of size 1, Galois-stable case

Theorem (Li-L.)

Let K be an imaginary quadratic field, suppose S = {l} is
Galois-stable. Then X(Ok ® Zp)sp1,4 is contained in the set of
pairs (z1,z2) € X(Zp) x X(Zp) satisfying

og(22),
(1 — 22)

log(z1)

log(1 — z1)

Lo(z1) + La(z0)

by bs,(L3(z1) — L3(22))
by bos(La(z1) + La(22)) =

bro, l0g(z1) La(21),
b0 log(21)(L3(21) + L3(22)),

for certain constants b, € Qp.
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Sets S of size 1, Galois-stable case

Equations for the depth 1 locus:

log(z1) = log(z2), log(1l — z1) = log(1l — z2) (*)

Lemma

Two types of solutions to (x):
» diagonal: (z,z), z € X(Zp)
» off-diagonal: pairs

(it

where (,n are roots of unity in Z, with {,n # 1 and { # n
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Sets S of size 1, Galois-stable case

Depth 1 locus X(Ok ® Zp)s pr1 is infinite due to diagonal
solutions. Additional equation in depth 2:

L2(Zl) + L2(Z2) =0

Corollary

The depth 2 locus X(Ok ® Zp)s p1,2 is finite.

Kim's Conjecture holds in depth 2 for K = Q(i), S = {(1 — i)},
p=>5:

1 g il —
X(Z[i] ® Zs)spr2 = {2,—1,§,i,—i,1+i,1 _ ,% > ’}.
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Sets S of size 1, Galois-unstable case

Theorem (Li-L.)

Let K be an imaginary quadratic field, S = {[} not Galois-stable.
Then X(Ok ® Zp)s p1.2 is contained in the set of pairs
(z1,20) € X(Zp) x X(Zp) satisfying

log™(a) log(21) = log™ (a) log(22),
log"?(a) log(1 — z1) = log" () log(1 — z2),
Ly(z1) + La(z2) = 0,

where « is a generator of Oy ¢ ®7 Q and log” is the pj-adic
logarithm on K, = Q,.
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A cyclotomic example

Theorem (Li-L.)
For K=Q(¢s), S = {(1 — (g)}, the depth-3 locus

X(Ok ® Zp)s pL;3
is contained in the set of quadruples (z1, z, z3, z4) satisfying

X1=X2, X3z=Xg,
Yi=Y2, Y3=Yy,
Zy+ 2o+ 23+ 24 =0,
Z1 + 2> = a(=X3 Y1 + X1Y3),
Wi — Wa — W3 + Wy + co(Xo + Xa)(Z2 + Z3) + c3(Xa2 — X4)(Z2 + Z4) =0,
Wi — Wa + W3 — Wy + ca(Xo — Xa)(Z2 + Z3) + 5 (X2 + X4)(Z2 + Z4) = 0,

for some explicit constants c, ..., cs € Qp, where
Xi =log(z), Yi=L(z), Z =Lxz:), W;=L3(z).



A cyclotomic example

Remarks:

» Computationally, #X(Oy)s pr3 = 233 for p | p = 17 but only
75 of them are S-integral points

» We have depth 4 equations but they contain coefficients which
we cannot compute

Also have some results for:
» real quadratic fields
» refined Chabauty—Kim loci

Martin Liidtke 27/43



3. The theory behind
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The motivic Selmer scheme

To obtain equations for X(Ox ® Zp)s e we need to compute the
scheme-theoretic image of the localisation map

loc. .
Sels nee(X) yloer, [THHG,. n%).
plp

We work with the motivic Selmer scheme (Dan-Cohen, Wewers,
Corwin, Brown, ...) and identify loc, with a cocycle evaluation
map.
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The motivic Selmer scheme

» MT(Ok.s,Q): category of mixed Tate motives over Ok s

» Deligne-Goncharov: motivic fundamental group 7n]"*(X, b) of
X =P~ {0,1,00} “in MT(Ok s, Q)"

> fix quotient 7"°*(X, b) — M in MT(Ok s, Q)

> motivic Selmer scheme Sel3(X): affine Q-scheme
parametrising [l-torsors in MT(OKys,Q)

» comparison theorem (Betts—Kumpitsch—L.): étale realisation

induces
S ImOt( )Qp = SE|5’|-|ét(X)
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The motivic Selmer scheme

» have a canonical fibre functor w: MT(Ok s, Q) — Vectg:

= P Hom(Q(—n), grzn(M))

nez

» Tannakian fundamental group:
GYT = U¥T % G,

with UMT a free pro-unipotent group

» motivic Selmer scheme is isomorphic to a space of
Gm-equivariant cocycles:

S |mot( )

I

HY(Gg'T, )
Zl(UE/IT7 I—Iw)Gm
ZY(Lie(UYT), Lie(N®))Gm

1%

I
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The cocycle evaluation map

Now take I = lMpy, the polylogarithmic quotient.
Ug"T acts trivially on T§; , so cocycles = homomorphisms.

Let p | p. Chatzistamatiou—Unver construct a p-adic period element
MT
m € Us' (Ky)

converting between two functorial splittings of the weight filtration.

Let &, := log(np). We get an evaluation map

SelZ%%, (X) = Hom(Lie(UMT), Lie(M&;)) % == Lie(N{H)x,
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The cocycle evaluation map

Proposition (“localisation = evaluation”)

There is a commutative diagram

Hom(Lie(UYT), Lie(M8; )57 —" Lie(M30)x,

! !

| )
Sels pr,(X) % HH(Gp, NE,
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Coordinates on the Selmer scheme

Structure of Lie(Mg;):
» Lie(nm{(X, b)) is freely generated by e, e

» polylogarithmic quotient: mod out by nested commutators
with more than one ¢

> basis of Lie($;): e and ad(eg)" ey (n > 1)

Structure of Lie(U¥T):

» free Lie algebra; get non-canonical generators by lifting basis
from the abelianisation

> in degree —n:
Lie(UgAT)ibn = EXt[{AT(OKs,Q)(Q(OLQ(”))v = K2n—1(OK,5)(\é

» dimensions d, = dimg K2p—1(Ok,s)g known by Borel
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Coordinates on the Selmer scheme

Forn>1,let op1,...,004, € Lie(UMT)_, be lifts of a basis from
the abelianisation. Then the ()5 generate Lie(UYT) freely.
Notation: 7; = O1,i-

A graded homomorphism c: Lie(UMT) — Lie(MN%; ) is uniquely
determined by

C(T,') = X,'(C)eo —|—y,-(c)e1 (1 <i< dl),
c(oni) = zni(c)ad(e) ter (n>2,1<i<dp).

= Selmer scheme is affine space

SelT%r,(X) = Spec Q[(xi)i, (¥i)i» (Zn,i)n,i
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The cocycle evaluation map in coordinates

Proposition

Each element ¢ of Lie(U¥T)(R) for a Q-algebra R can uniquely be

written in the form
(e o)
e=) en+EGon
n=1

where eqon belongs to an ideal which is mapped to zero under any
graded homomorphism to Lie(Ng, g, €1 = Y%, b,.7;, and

€n = Z bTil'“Tin ad(7y,) - - - ad(7j,_, )7,

1< i1 >in

n dy
F Z Z Z br 7, omi2d(Ti) - -ad(7i,_,)om,i

m=2 i=1 i1 <...<in—m
for n > 2, with coefficients b,, € R, and all indices i; € {1,...,d}.
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The cocycle evaluation map in coordinates

Write the period element e, € Lie(U¥T), in this form, with
coefficients b, € K,. We get explicit polynomials

fo € Kpl(x0)is (1)1 (2n,i)ni]

whose coefficients are linear combinations of the b,,, describing the
cocycle evaluation map

Hom(Lie(UY'T), Lie(Ny )5 —2 Lie(n%E)Kp,

c — c(ep) ZbT,x,eo—i—Zbﬂy,el —i—Zf(c ad(ep)" e
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p-adic periods

Determining the coefficients b,, € Kj, in the expansion of ¢, is
difficult!

The p-adic period conjecture implies that all b,, are # 0.
This includes e.g. the p-adic zeta values ((2n+ 1) € Qp, n > 1.
In degree —1: assume the basis 71, ..., 74, is dual to
a1,...,0q4, € OF ¢ ®Q under the isomorphism
Lie(U§'T)_1 = Lie(US'T)*% = K1(Ok s)g = (0F s © Q).
Then
gp:leT]_‘i_...—i_delel—i_...

with
b, = logf () € K.
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Galois action

We get equations for the image of
[1,,eve
Hom(Lie(U§'™), Lie(M1))gr ——— R LA N I Lie(nif)x,
plp
by relating the various ¢, (p | p) to each other.

Assume that K/Q is Galois and S is Galois-stable
= Gal(K/Q) acts on UMT, hence on Lie(UMT)

We have
Eo(p) = 0(&p)

Choose the generators o, ; in such a way that we know how
Gal(K/Q) acts on them, using
Lie(Ug/lT)a_bn = Kznfl(o;@s)(\é.

Then the expansion of £,(,) can be obtained from that of ¢y.
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Example: imaginary quadratic fields

Let K be an imaginary quadratic field, S = 0.

Let o € Gal(K/Q) be complex conjugation.

dimg Kon—1(K)g =1 for all n > 2, whereas dimg K2,—-1(Q)g =0
for n even.

= o acts as (—1)"! on Ka,—1(K)g

= can choose generator o, € Lie(Ug/'T),,7 such that

o(on) = (-1 o,
Let p be totally split, pOx = p1p2

€py = byoy + b3os + bgog + . ..
= &p, = —byoy + b3oz — bgog £ ...
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Example: imaginary quadratic fields

Let c: Lie(Ug"T) — Lie(MN$;) be a graded homomorphism.
Coordinates z, = z,(c) defined by c(o,) = z, ad(eo)”_lel.

5,,1 Z bnz,ad(ep) lel,

c(ep,) Z( 1) b,z,ad(e)" e
n=2

Let Lo, L1, Lo, ... € Lie(Ng; )" be the linear duals of

e, €1, [e0, €], ..., and let L) == L, 0pr; (i = 1,2).

The image of ev., X eve,, is contained in the subspace of

Lie(MN%, ) x Lie(N%; ) defined by LV = 1) = 11V = 1)) = 0 and
L9 4+ (1) =0
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Example: imaginary quadratic fields

We obtain the theorem mentioned earlier:

Theorem (Li-L.)

For K imaginary quadratic, S =0, any 1 < n < oo, the locus
X(OK ® ZP)(Z),PL,n
is contained in the set of pairs (z1,z)) € X(Zp) x X(Zp) satisfying

log(z1) = log(22) =0,
log(1 —z1) = log(1 — z) =0,
Lix(z1) + (—1)% Lig(z2) =0 for2 < k < n.
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Thanks for listening
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